Anisotropy is an essential attribute exhibited by most biological materials. Based on the recent work on anisotropy of a wide range of crystals and polycrystals, we propose an appropriate measure (A) to quantify the extent of elastic anisotropy in biomaterials by accounting the tensorial nature (both stiffness-based and compliance-based) of their elastic properties. Next, we derive a relationship between A and an empirically defined existing measure. Also, the preceding measure is used to quantify the extent of anisotropy in select biological materials that include bone, dentitional tissues, and a variety of woods. Our results indicate that woods are an order of magnitude more anisotropic than hard tissues and apatites. Finally, based on the available data, it is found that the anisotropy in human femur increases by over 40% when measured between 30% and 70% of the total femur length.
Introduction
The interplay between heterogeneity and anisotropy is perhaps the most distinct feature adapted by nature to optimize the design of biological materials. The former relates to the spatial variation (point to point) of the material properties, whereas the latter closely relates to the directional dependence. It is thus necessary to develop a fundamental understanding on the preceding issues to gain further insights into the design of biological materials. In this article, we focus on developing an understanding of anisotropy in biological materials.
To understand anisotropy, one needs to develop appropriate measures to quantify it. Anisotropy measures have found applications in diverse fields including condensed matter physics [1, 2] , geophysics [3] , homogenization [4] [5] [6] , and biological materials. The anisotropy measures proposed by Chung and Buessem [7] have been previously used to compare the anisotropies of solid living tissues [8] [9] [10] [11] . Although the Chung and Buessem measure (A C and A S ) is useful, being empirically defined it has some limitations as discussed in Ranganathan and Ostoja-Starzewski [4] . Recently, Rapoff [12] has defined an orthotropic index for bone that takes a unique value for isotropy but does not include all the components of the elasticity tensor.
Any measure of anisotropy must satisfy the following requirements: (i) it must recognize the tensorial nature of the stiffness and compliance tensors; (ii) the anisotropy has to be measured as a departure from isotropy and thus must be unambiguously defined for an isotropic material; (iii) it must include contributions arising from both the shear and bulk parts of the elasticity tensor; (iv) it must be unique and derived based on some mathematical or physical justifications rather than being empirical definitions; and (v) it must include all the components of the elasticity tensor in its definition. In the subsequent section, we will derive an anisotropy measure consistent with the preceding conditions.
Formulation
Let C ref be the reference stiffness tensor of the biological material under consideration in the principal directions. C ref has two, five, or nine independent components depending on whether the reference material is isotropic, transversely isotropic, or orthotropic. Along similar lines, one can also define the compliance tensor S ref so that the following relationship holds
where 
where R ¼ R ij e i e j is the rotation tensor and Q ð Þ represents the frame change operator. At this stage, we define the following operator h i on any fourth rank tensor T
where g ¼ w 1 ; w 2 ; / ð Þrepresents the Euler angle triplets and f g ð Þ is an appropriate orientation distribution function, see Ferrari [13] . By employing f g ð Þ ¼ 1 (uniform distribution) and by replacing T with C and setting S ¼ C À1 in Eq. (3), we obtain (see [4, 14] )
In the preceding, J ¼ J ijkl e i e j e k e l ¼ d ij d kl =3 À Á e i e j e k e l and K ¼ I À J. The variables G and K correspond to the shear and the bulk modulus and the superscripts V and R represent the Voigt and the Reuss bounds, respectively. In other words, for a given reference material (of any symmetry), the operator h i maps the stiffness (or compliance) tensor to an appropriate isotropic space. In particular, the preceding mapping corresponds to the Voigt (Reuss) bound when the stiffness (compliance) tensor is employed. Now, by contracting Eqs. (4a) with (4b), we obtain the following scalar equation
Only
For a material of any other symmetry group (transversely isotropic, orthotropic…), C h i : S h i ! 6, enabling us to define the following quantity as the anisotropy measure
Theoretically, A is bounded between 0 and 1 with its departure from 0 quantifying the extent of anisotropy for any given material (see Appendix for a representation of "A" in terms of the individual stiffness tensor components for an orthotropic material). The preceding methodology is schematically described as illustrated in Fig. 1 . The proposed anisotropy measure is related to the empirically motivated existing anisotropy measures A C and A S (see Refs. [6] [7] [8] ) as follows
In Fig. 2 , we plot the contours of constant A (iso-A) in the (A C , A S ) space. As expected, A increases with an increase in A C or A S , although it is much more sensitive to the latter. 
The iso-A lines appear as straight lines with a slope of -5 (data obtained from Refs. [10, 11] ).
Discussion
We now apply the definition of anisotropy in Eq. (6) to estimate the extent of anisotropy in select biomaterials that include bone, dentitional tissues, and a variety of woods.
We begin the discussion by plotting the variation of anisotropy as a function of the position (Z/L) within a human femur at the anterior, posterior, medial, and lateral anatomic quadrants as illustrated in Fig. 3 (for the experimental data, see Ref. [15] ). It is apparent that for any given position, the femur is indeed anisotropic (A > 0), and the extent of anisotropy depends on the anatomic quadrant under consideration. Moreover, the anisotropy changes with change in position. Interestingly, based on the available data, it appears that the mean value of anisotropy averaged over the four anatomic quadrants increases with increasing Z/L. In fact, this increase is well over 40% between Z/L ¼ 0.3 and 0.7.
Next, we examine the extent of anisotropy of hard tissues, apatites, and woods in the
Þspace as seen in Figs.  4(a) and 4(b) . In these plots, the iso-A contours appear as straight lines with a slope of "À 5. " Figures 4(a) and 4(b) immediately reveal that woods have over an order of magnitude higher anisotropy than hard tissues and apatites. Lignin and dry human dentin are almost isotropic materials with A ffi 0. Based on Fig. 4(a) , it appears that bovine hard tissues and apatites are much more anisotropic than their human counterparts. From Fig. 4 Þassociated with Balsa and thus these materials are almost identically anisotropic.
Closure
We have proposed an approach to quantify the extent of anisotropy in a variety of biomaterials. The proposed anisotropy measure (A) takes into account all the components of the stiffness (or compliance tensor) and is unambiguous for an isotropic material (A ¼ 0). The departure of A from zero quantifies the extent of anisotropy. Furthermore, we have computed the extent of anisotropy for a variety of woods, bone, and dentitional tissues, and it is relatively straightforward to perform such a computation for other biological materials.
